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Figure 6. Comparison of ��1,g values obtained with GPS for models with
the corresponding asymptotic values are shown for different choices of total
number of bands. The symbols have the same meaning as in Fig. 5.

follows. The bin with the highest population is chosen along with its
neighbouring bins till the value in a bin drops to below 10 per cent
of the maximum value. These bins together constitute the most
significant peak. From among the remaining bins the one with the
next highest value is chosen and the same criterion is applied to
include its neighbouring bins. These bins together form the second
highest peak, and so on. For each peak, we provide the median value
under that peak, its 1σ uncertainty measured in the way described
above, and the probability, p, of that value, which is the fractional
area under that peak.

This exercise was carried out with three red giant models as well
as the above-mentioned three observed red giants. The models are
chosen such that they lie at different positions on the RGB and
are labelled as Model 1, Model 2, and Model 3, respectively, in
increasing order of their luminosities. All the models lie on the
same evolutionary track of a 1 M� star with solar-like chemical
abundances (see Fig. 7).

Since for models the entire theoretically computed frequency
spectrum is available, we test GPS for a variety of cases with

Figure 7. The position of three red giant stars observed by Kepler are
shown on the log Teff–log g diagram. The effective temperatures are taken
from the Kepler Input Catalogue (KIC) for KIC 5866737 and from the
APOGEE catalogue for the other two stars. The log g values are from KIC.
Also shown, by the red line, is the evolutionary track of a 1 M� model. The
blue dots indicate the three models that we discuss in this paper.

varying selection of frequencies and the associated uncertainties.
The selection of frequencies was carried out in two ways. First, we
have considered three different ranges of frequencies corresponding
to 4, 5, and 6 times the large separation, each centred around νmax,
i.e. we chose the range of frequencies to be νmax ± k�ν, for k = 2.0,
2.5, 3.0. Secondly, we applied different cutoffs on the mode inertia
to select a different number of g-dominated modes in the spectrum.
Typically, we have created four sets: one with all the dipole modes
(without any restriction on mode inertia), one with only three or
four most p-dominated modes in each band (corresponding to an
inertia cutoff close to the minima), and two others with intermediate
numbers of dipole modes. Since the observed amplitude of dipole
modes are related to the mode inertia (Dupret et al. 2009), selection
based on the inertia would mimic the observed spectra with varying
detection limits based on mode amplitudes.

This selection is illustrated in Fig. 9 for Model 2 for a case with
five radial orders. The results for the four different choices of the
mode set, in decreasing order of inertia cutoffs are shown by the
histograms in the figure. When the full set of modes is used, there
is only one dominant peak in the histogram, very close to the actual
value of ��1,g (middle-left panel of Fig. 9). This is because the
presence of the g-dominated modes forming the vertical ridge in
the period echelle diagram have a large influence in constraining
the ��1,g. However, for the same reason, in some realizations,
when a few of these crucial frequencies are perturbed significantly
from their true values, they influence the estimate of ��1,g strongly
and alternative values of ��1,g are found. These appear as smaller
peaks in the histogram. When an inertia cutoff is applied so that
the most g-dominated modes are omitted, the estimation of ��1,g

becomes less stable and a secondary peak at a lower value is found,
although the median value still lies very close to the actual value.
However, on further lowering the inertia cutoff, the value of ��1,g

actually stabilizes again. This is because the vertical ridge is now
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Figure 8. Results obtained with GPS for three red giants with Kepler fre-
quencies: KIC 10200377 (top) KIC 9145955 (middle), and KIC 5866737
(bottom). The left-hand panel in each plots shows the frequencies as a func-
tion of observed ��1, while the right-hand panel shows the period echelle
diagram. The symbols and the lines have the same meaning as in Fig. 2.
The value of ��1,g determined by GPS is indicated at the top of each pair
of panels. In the left-hand panels of the latter two stars the large values of
��1 for a few modes indicate that a neighbouring l = 1 mode has not been
detected.

mainly determined by the two dipole modes closest to the radial
mode in each order and the condition for symmetric distribution of
the p-dominated modes becomes more important to find ��1,g.

For each of these artificially created samples of modes containing
radial and dipole modes, we have considered four to six different
values for the uncertainty in the frequencies. Throughout this ex-
ercise, we have considered uniform uncertainties in all the mode
frequencies. Thus for each of the three models, we have carried out
the MC exercise for nearly 60 different data sets.

The uncertainties in ��1,g for different levels of uncertainties
in frequencies for the three models and the three observed Kepler
red giants are given in Tables A1–A4. As an illustration of the
exercise, in Fig. 10 we show the histograms for the ��1,g values
found by GPS for different data sets constructed from the theoretical
frequencies of Model 2, as described above.

For each of the mode sets described above for the three mod-
els, we applied GPS after perturbing the frequencies with random
uncertainties corresponding to normal distributions with widths of
0.001, 0.005, 0.010, 0.050, and 0.100 μHz. The results for the three
models show similar trends for uncertainty in ��1,g. For the full
set of frequencies, the large number of g-dominated modes ensures
that ��1,g is estimated to be very close to the asymptotic value
for small frequency uncertainties. For the smallest frequency uncer-
tainty of 0.001 μHz, typically almost all the realizations produce a
unique value of ��1,g. However, as the uncertainty in frequencies
increases, the probability of obtaining the correct value of ��1,g

decreases, which is manifested in the appearance of multiple peaks
in the histogram of ��1,g values. For the cases where we choose
fewer number of modes, namely, only those with lower inertia, the
probability of obtaining a value close to the correct value decreases
with decreasing number of modes, before again increasing for the
cases with the least number of modes. A closer inspection of the
situation reveals that the apparent decrease of the probability of
the correct value being obtained is due to appearance of a few val-
ues very close to the correct one but different by more than one
bin in the histogram. If one would choose a larger binwidth of
the histogram of ��1,g, one would regain the correct value with a
larger uncertainty, although not all values within the range quoted
by the 1σ uncertainties would be actually permissible. Finally, the
increase in probability of finding the correct value of ��1,g with
fewer modes is essentially due to the comparatively larger effect
of the p-dominated modes in constraining ��1,g through the sym-
metrical distribution criterion, as compared to the determination
of the vertical ridge from the g-dominated modes. However, if the
number of modes per band falls below three, the determination of
��1,g becomes unreliable even at small frequency uncertainties
(see Tables A1–A3).

Although the trend of the uncertainties in ��1,g with increasing
frequency uncertainties is broadly similar in the three models, there
are clear differences in the details. In general, the most stable de-
termination of ��1,g happens for Model 1, which is the youngest
among the three models. For this model, the density of g modes is
least, and one can reliably estimate ��1,g even at frequency un-
certainties up to 0.100 μHz in several cases. For Model 2, ��1,g

is correctly estimated up to frequency uncertainties of 0.050 μHz,
while for Model 3 GPS fails to find a reliable value of ��1,g even
at frequency uncertainties of 0.010 μHz in some cases. The reason
behind this behaviour can be understood in the following way. The
coupling between the modes trapped in the envelope and those in
the core decreases as the star evolves up the RGB. This implies that
the number of dipole modes with low inertia decreases with age
(Dupret et al. 2009).

For the method used by GPS, a stronger coupling is beneficial for
the determination of ��1,g. In case of stronger coupling the tran-
sition from p-dominated modes in one band to p-dominated modes
in the next band through the g-dominated dipole modes around the
location of a radial mode is less steep, i.e. the g-dominated modes
cover a larger range of inertia. In GPS, the determination of ��1,g

depends crucially on the mixed dipole modes closest to the radial
mode at the boundary of a band through the weighing factors in
equation (6). In more evolved models with weaker coupling (e.g.
Model 3), small perturbations in the dipole frequencies closest to
the radial modes have large impact on the determination of ��1,g

thanks to the steep slope originating from the weak coupling. On
the other hand, when fewer modes are chosen based on mode in-
ertia the dipole modes closest to the radial modes are separated by
too large a frequency interval, again providing difficulties for GPS
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Figure 9. Results of the MC exercise with the frequencies of Model 2 with a uniform uncertainty of 0.01µHz. The top-left panel shows the inertia of the l = 0
and 1 modes of the model. The four different choices of the mode sets used for the MC exercise are shown in different colours. Solid black dots represent the
full set of frequencies, while green, blue, and red circles denote sets with progressively lower cutoffs applied on the mode inertia. The top-right panel shows
the period echelle diagram where ��1,g has been set to the value of 73.28 s found from the unperturbed model frequencies. The symbols and lines are similar
to that of Fig. 2 with the different colours corresponding to the four sets as depicted in the top-left panel. The remaining four panels show the histograms of
the ��1,g values found in the MC exercise for the four sets, again corresponding to the same colours as depicted in the top-left panel. In each of the bottom
four panels, the vertical dotted line shows the value of ��1,g obtained for the unperturbed model frequencies.

to determine ��1,g reliably. In cases with stronger coupling (e.g.
Model 1), the less steep transition of the p-dominated regions re-
duces the influence of small perturbations in the dipole frequencies,
thus providing a more robust determination of ��1,g. In this case,
GPS works even for relatively higher frequency uncertainties.

In the cases of the three observed Kepler stars, we examine the
results of the MC exercise with up to five times the nominal 1σ

uncertainty in the frequencies (= 0.022 μHz) determined from the
peakbagging exercise. These results are shown in Table A4. We
find that for KIC 10200377 even when the uncertainty in the fre-
quencies is increased up to 5σ , we obtain values consistent with
��1,g = 81.54+0.06

−0.04 s, as found with the 1σ uncertainties, albeit
with decreasing probabilities. This is consistent with the trend
shown by Model 1, which has a very similar ��1,g value as this
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Figure 10. Results of the MC exercise with different uncertainties assumed for the frequencies of a 1 M� model (Model 2) are shown. In each panel, the
histograms of the distribution of ��1,g determined by GPS are shown for assumed uncertainties of 0.001 µHz (in red), 0.005 µHz (in green), 0.010 µHz (in
blue), 0.050 µHz (in magenta), and 0.100 µHz (in cyan). The different panels show the different data sets considered for the exercise in terms of number of
radial orders (N0) and number of dipole modes (N1). The grey vertical line shows the ��1,g obtained with the full set of unperturbed frequencies of the model.
The insets in each panel show the main peaks of the histograms. Numerical estimates of ��1,g from this exercise are given in Table A2.

star. For the star KIC 9145955 which is located higher in the RGB,
the results remain consistent up to 2σ uncertainties in frequencies.
In this case, a secondary peak at 77.72 s, which is only 0.7 s sec-
onds away from the highest peak, is found even at small frequency
perturbations. In the case of the further evolved star KIC 5866737,
GPS is unable to determine ��1,g at all when the frequency uncer-
tainties are beyond 3σ . The last two cases are similar in behaviour
to Models 2 and 3, respectively.

In general, we find that when the sum of the probabilities of the
three highest peaks in the histogram is less than around 75 per cent,
the value of ��1,g determined by GPS is not very reliable. In such
cases, we essentially have a number of closely spaced distinct values
of ��1,g which have comparable probabilities. In many cases it
might be possible to quote a median value of ��1,g if we use a
larger binwidth, leading to a larger uncertainty value.

3.4 Iteration between peakbagging and GPS

Peakbagging is the craft of finding, identifying and fitting oscillation
modes in a Fourier power spectrum of an oscillating star. To find real
oscillation signal, statistical tests are often applied (e.g. Hekker et al.
2010; Appourchaux 2014, and references therein). These statistical
tests essentially provide a probability of a feature being due to
noise or signal. Depending on the threshold used, this implies that
a fraction of the features selected to be signal can actually be due to
noise, and the other way around; features that are actual signal are
not selected. Missing information is often less harmful than wrong
information and hence making sure that all signal features are indeed
due to genuine stellar oscillations has priority. However, a larger

number of observed oscillation modes could provide additional
information and constraints, required to draw inferences.

When the oscillation signals have been detected, they need to be
identified in terms of radial order, spherical degree and azimuthal
order. Methods such as the universal pattern (Mosser et al. 2011,
2012a) are developed for this purpose. Additionally, for solar-like
oscillations accurate frequencies, mode widths and heights with
uncertainties can be obtained from Lorentzian fits to the oscilla-
tion signals in the Fourier power spectrum. This information is of
importance when using the oscillation modes to compute intrinsic
stellar properties and infer the internal stellar structure of a star.
For GPS, the frequencies and mode degree are the most important
observational inputs to compute the period spacing. We note here
that GPS can, in principle, work for any azimuthal order (m) as long
as the azimuthal order is the same for all modes. Here it is, however,
always applied to modes with m = 0.

In case GPS cannot constrain the period spacing it is possible to
identify features in the Fourier power spectrum that do not conform
to the expectations. For these features visual checks are performed
in the Fourier power spectrum to gauge whether the feature is a
genuine oscillation mode, its identification is correct (in this way
we can for instance identify a mode with a different azimuthal order)
and/or if the frequency is accurately determined. In this way it is
possible to iterate between peakbagging and GPS to make sure that
correctly identified true signals are used for the determination of
the period spacing.

An example of this iteration process is shown in Fig. 11, where
both the Fourier power spectrum of KIC 9145955 and the corre-
sponding period echelle diagrams are shown. The blue and red dots

MNRAS 447, 1935–1950 (2015)

 at T
ata Institute of Fundam

ental R
esearch on July 24, 2015

http://m
nras.oxfordjournals.org/

D
ow

nloaded from
 

http://mnras.oxfordjournals.org/


1946 A. Datta et al.

Figure 11. The iterative process of using GPS to improve mode detection
and identification is illustrated for the Kepler red giant star KIC 9145955.
The top panel shows the power spectrum where the radial modes are indi-
cated by dotted vertical lines and the dipole modes are marked by red dots.
The dipole modes which were deemed to have been misidentified based on
input from GPS are encircled in blue. The bottom two panels show the period
echelle diagrams, where the lines and symbols have the same meaning as in
Fig. 2. In the bottom-left panel is the diagram using all the initially identified
modes, with the suspected misidentifications encircled in blue. The bottom-
right panel shows the period echelle diagram, where the misidentified modes
(open blue circles) have been excluded from the analysis.

in the Fourier power spectrum (top panel of Fig. 11) indicate the
initially detected l = 1 modes. These frequencies did not provide a
proper period echelle diagram (bottom-left panel of Fig. 11). Using
the information of the problematic frequencies and the computed
approximate period spacing, we have been able to optimize the
detection and identification of the l = 1 modes. In this way we
discarded incorrectly identified features of the power spectrum and
identified more modes over a wider frequency range (red dots in
top panel and bottom-right panel of Fig. 11), which allowed GPS to
determine the period spacing of KIC 9145955 to be 76.98 ± 0.03 s.

4 C O N C L U S I O N

We have devised a new method (GPS, g-mode period spacing finder)
to estimate the period spacing of g modes in red giant stars. Such
modes can usually not be detected in the observed Fourier spectrum
of a red giant because of their low amplitudes. However, the period
spacing of these modes is related to the conditions in the core,
specifically, the buoyancy frequency. Therefore, if one is able to
determine the g-mode period spacing from the observed modes, it
may be used as a strong constraint in finding a suitable model for a
star.

The automated method devised here is based on the period echelle
diagram and essentially seeks the period spacing for which a ver-
tical alignment of the gravity-dominated modes is present as well

as a symmetric distribution of the pressure-dominated modes. The
method has been extensively tested on model frequencies. For each
model, different sets of frequencies have been selected based on
their inertia, different frequency ranges have been taken and differ-
ent (uniform) uncertainties on the frequencies have been tested in a
MC approach. This shows that often more than one period spacing
provides a possible answer. These period spacing values are distinct
with ranges without possible solutions separating them. Therefore,
we provide the three most probable period spacings for each inves-
tigated case (both models and observations) with their probability
and uncertainty. For both the models and observations, we obtain
period spacings with high probability when the uncertainties on the
frequencies are in the range 0.01–0.05 μHz or below. In case of
the models these are indeed consistent with the asymptotic period
spacings.

Although, GPS is only applied to RGB models and stars in this
work, it has already been applied successfully to a red clump star
by Silva Aguirre et al. (2014). The potential of GPS for red clump
stars will be explored more extensively elsewhere.

Finally, GPS has significant potential once the extraction of mixed
modes of large numbers of stars is possible. First attempts for this
are already present such as the work by Stello et al. (2013) and
Mosser et al. (2012a). However, determinations of accurate indi-
vidual frequencies for a large number of stars are currently not
available and hence such analysis is beyond the scope of this paper.
Work to develop tools to get these accurate individual frequencies
is underway and application of GPS to such a large sample will be
published in forthcoming publications.
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APPENDI X A : D ETAI LED RESULTS O F MC
EXERCI SE

Table A1. Results of a MC exercise with a 1 M� red giant model at an age of 12.4 Gyr (Model 1). N0 and N1 are the number of l = 0 and 1
modes, respectively, that are used in the exercise. δν is the uncertainty introduced in the frequencies and p is the probability of the associated
��1,g value. The asymptotic value of ��1,g for this model is 82.61 s.

N0 N1 δν (µHz)
(Range 0.001 0.005 0.010 0.050 0.100
in µHz) p ��1,g (s) p ��1,g (s) p ��1,g (s) p ��1,g (s) p ��1,g (s)

6 60 1.0000 82.48+0.01
−0.01 0.8263 82.49+0.02

−0.02 0.5762 82.50+0.15
−0.03 0.1546 84.82+0.08

−0.06 0.1778 85.97+0.33
−0.26

(75.00) – – 0.1008 82.62+0.13
−0.08 0.2785 83.34+0.07

−0.03 0.1379 83.45+0.07
−0.07 0.1127 87.11+0.08

−0.08

– – 0.0404 83.34+0.02
−0.02 0.0932 81.70+0.05

−0.20 0.1208 87.11+0.04
−0.03 0.0794 83.53+0.11

−0.11

32 1.0000 82.48+0.01
−0.01 1.0000 82.47+0.01

−0.01 0.9974 82.47+0.03
−0.02 0.6605 82.50+0.03

−0.04 0.4337 82.50+0.09
−0.07

– – – – 0.0019 82.62+0.05
−0.04 0.1717 83.33+0.10

−0.07 0.2104 83.42+0.10
−0.13

– – – – 0.0003 81.51+0.02
−0.02 0.0736 81.56+0.17

−0.09 0.1167 84.64+0.21
−0.17

20 1.0000 81.71+0.01
−0.01 0.9899 81.70+0.02

−0.02 0.8760 81.73+0.03
−0.04 0.4986 82.51+0.03

−0.04 0.4880 82.51+0.05
−0.04

– – 0.0095 82.50+0.02
−0.03 0.1240 82.50+0.02

−0.02 0.4345 81.73+0.04
−0.03 0.2798 81.72+0.08

−0.11

– – 0.0003 82.55+0.02
−0.02 – – 0.0129 68.98+0.02

−0.02 0.0353 68.96+0.04
−0.04

17 1.0000 81.71+0.01
−0.01 0.9999 81.71+0.02

−0.02 0.9899 81.70+0.03
−0.02 0.8062 81.74+0.05

−0.03 0.5690 81.76+0.06
−0.06

– – 0.0001 81.76+0.02
−0.02 0.0101 81.80+0.02

−0.02 0.1782 82.54+0.04
−0.03 0.3188 82.54+0.05

−0.05

– – – – – – 0.0092 81.88+0.02
−0.02 0.0362 71.24+0.07

−0.08

6 48 1.0000 82.48+0.01
−0.01 0.8573 82.49+0.03

−0.04 0.5375 82.50+0.15
−0.04 0.3078 87.24+0.03

−0.03 0.1401 87.19+0.21
−0.15

(62.50) – – 0.0820 82.63+0.08
−0.07 0.2217 83.16+0.02

−0.02 0.1224 83.59+0.05
−0.06 0.1352 85.73+0.22

−0.12

– – 0.0479 83.16+0.02
−0.02 0.1741 83.34+0.16

−0.03 0.1214 88.15+0.05
−0.03 0.0854 88.15+0.12

−0.06

24 1.0000 81.71+0.01
−0.01 0.9650 81.74+0.02

−0.02 0.8157 81.73+0.02
−0.02 0.3833 82.50+0.04

−0.04 0.2573 82.53+0.12
−0.07

– – 0.0300 81.69+0.02
−0.02 0.1005 72.74+0.03

−0.02 0.2788 81.73+0.14
−0.05 0.1292 83.46+0.10

−0.10

– – 0.0039 72.74+0.02
−0.02 0.0265 81.68+0.02

−0.02 0.0946 83.45+0.09
−0.05 0.1211 72.70+0.07

−0.08

18 0.9987 82.47+0.02
−0.02 0.6545 82.46+0.02

−0.02 0.5449 82.48+0.02
−0.02 0.4711 82.48+0.04

−0.03 0.3255 82.48+0.07
−0.08

0.0013 81.72+0.02
−0.02 0.2696 81.71+0.02

−0.02 0.3281 81.73+0.02
−0.02 0.1890 72.71+0.06

−0.06 0.1425 72.69+0.07
−0.07

– – 0.0557 72.72+0.02
−0.02 0.1204 72.73+0.02

−0.02 0.1821 81.72+0.04
−0.03 0.0898 71.91+0.08

−0.06
13 1.0000 81.71+0.01

−0.01 0.9994 81.73+0.02
−0.04 0.9468 81.72+0.02

−0.02 0.5291 81.70+0.05
−0.07 0.3462 81.70+0.09

−0.12

– – 0.0006 71.24+0.02
−0.02 0.0379 71.23+0.04

−0.02 0.1957 71.26+0.02
−0.02 0.1449 71.27+0.04

−0.04
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Table A1 – continued

N0 N1 δν (µHz)
(Range 0.001 0.005 0.010 0.050 0.100
in µHz) p ��1,g (s) p ��1,g (s) p ��1,g (s) p ��1,g (s) p ��1,g (s)

– – – – 0.0151 81.67+0.02
−0.02 0.1352 61.97+0.04

−0.02 0.1117 61.97+0.04
−0.03

4 39 0.9995 81.71+0.02
−0.02 0.5776 82.49+0.03

−0.04 0.6377 82.49+0.05
−0.02 0.1418 83.49+0.21

−0.15 0.0950 86.86+0.16
−0.22

(50.23) 0.0005 82.46+0.02
−0.02 0.4008 81.71+0.02

−0.02 0.1251 83.19+0.02
−0.02 0.1314 85.84+0.25

−0.06 0.0700 79.24+0.41
−0.26

– – 0.0176 82.62+0.12
−0.07 0.1011 81.73+0.02

−0.03 0.1035 84.37+0.08
−0.07 0.0331 77.49+0.05

−0.05

26 1.0000 81.71+0.01
−0.01 0.9997 81.72+0.02

−0.02 0.9296 81.73+0.02
−0.04 0.4497 82.50+0.11

−0.04 0.2048 82.50+0.15
−0.19

– – 0.0002 73.32+0.02
−0.02 0.0436 82.49+0.02

−0.02 0.1565 83.45+0.07
−0.05 0.1943 83.43+0.11

−0.13

– – 0.0001 82.47+0.02
−0.02 0.0149 73.33+0.02

−0.03 0.0941 84.35+0.05
−0.05 0.1210 84.37+0.08

−0.07

22 1.0000 81.71+0.01
−0.01 1.0000 81.71+0.01

−0.01 1.0000 81.71+0.04
−0.03 0.4267 81.72+0.03

−0.04 0.3023 82.52+0.08
−0.06

– – – – – – 0.3280 82.49+0.04
−0.03 0.1248 83.45+0.10

−0.11

– – – – – – 0.0321 56.75+0.08
−0.03 0.1160 81.72+0.11

−0.15

14 1.0000 81.71+0.01
−0.01 0.9999 81.73+0.03

−0.04 0.9529 81.72+0.03
−0.04 0.2830 81.73+0.04

−0.03 0.1321 82.49+0.05
−0.04

– – 0.0001 71.24+0.02
−0.02 0.0253 71.24+0.02

−0.02 0.1409 66.12+0.02
−0.03 0.1072 66.10+0.04

−0.05

– – – – 0.0156 81.89+0.02
−0.02 0.1089 61.98+0.02

−0.02 0.0861 61.97+0.04
−0.03

Table A2. Results of a MC exercise with a 1 M� red giant model at an age of 12.5 Gyr (Model 2). The quantities shown have the same
meaning as in Table A1. The asymptotic value of ��1,g for this model is 73.49 s.

N0 N1 δν (µHz)
(Range 0.001 0.005 0.010 0.050 0.100
in µHz) p ��1,g (s) p ��1,g (s) p ��1,g (s) p ��1,g (s) p ��1,g (s)

7 146 0.9074 73.30+0.02
−0.04 0.6699 73.29+0.03

−0.04 0.6449 73.27+0.05
−0.03 0.0688 78.72+0.06

−0.06 0.2578 66.23+1.44
−1.83

(46.19) 0.0256 72.90+0.02
−0.02 0.0937 72.92+0.10

−0.05 0.1122 73.76+0.09
−0.13 0.0603 78.20+0.06

−0.06 0.0307 68.43+0.07
−0.07

0.0218 73.40+0.02
−0.02 0.0417 74.16+0.08

−0.03 0.0338 74.37+0.08
−0.02 0.0371 68.84+0.03

−0.04 0.0302 68.84+0.06
−0.07

52 0.9263 73.25+0.02
−0.02 0.7389 73.27+0.05

−0.03 0.6214 73.29+0.06
−0.04 0.1104 85.35+0.04

−0.05 0.0319 85.37+0.07
−0.09

0.0583 73.33+0.07
−0.04 0.1364 73.69+0.03

−0.06 0.1657 73.69+0.07
−0.04 0.0541 68.81+0.05

−0.05 0.0251 84.78+0.08
−0.07

0.0130 72.94+0.02
−0.05 0.0967 72.90+0.03

−0.04 0.0672 72.86+0.04
−0.03 0.0527 69.19+0.04

−0.05 0.0218 85.95+0.08
−0.06

27 1.0000 73.26+0.01
−0.01 0.9590 73.26+0.02

−0.02 0.6772 73.29+0.02
−0.02 0.1087 73.32+0.06

−0.04 0.5955 55.33+5.43
−3.94

– – 0.0176 72.91+0.02
−0.02 0.1148 72.92+0.04

−0.04 0.1014 72.93+0.06
−0.06 0.0222 68.89+0.33

−0.10

– – 0.0100 73.34+0.06
−0.04 0.0512 77.04+0.03

−0.02 0.0719 77.55+0.06
−0.06 0.0184 73.34+0.06

−0.06

21 1.0000 73.26+0.01
−0.01 0.9973 73.26+0.02

−0.02 0.8618 73.28+0.03
−0.04 0.1412 73.32+0.04

−0.05 0.0237 85.06+0.09
−0.08

– – 0.0023 76.00+0.02
−0.03 0.0649 76.00+0.02

−0.02 0.0562 85.11+0.06
−0.06 0.0214 78.51+0.07

−0.07

– – 0.0003 65.76+0.02
−0.02 0.0215 73.35+0.02

−0.02 0.0445 72.93+0.05
−0.05 0.0187 73.33+0.06

−0.06

5 119 0.8834 73.29+0.03
−0.04 0.7940 73.28+0.04

−0.04 0.4460 73.28+0.05
−0.02 0.0502 77.77+0.07

−0.07 0.0271 69.20+0.05
−0.06

(38.65) 0.0686 72.98+0.04
−0.05 0.0681 73.00+0.04

−0.13 0.0341 59.97+0.02
−0.02 0.0486 68.83+0.03

−0.04 0.0226 68.84+0.05
−0.05

0.0303 73.40+0.02
−0.02 0.0589 73.66+0.06

−0.05 0.0332 62.72+0.02
−0.02 0.0340 68.05+0.04

−0.03 0.0195 69.58+0.05
−0.05

62 0.8994 73.25+0.02
−0.02 0.4248 73.28+0.02

−0.02 0.4136 73.29+0.05
−0.04 0.0973 68.81+0.04

−0.03 0.2813 73.87+2.57
−3.03

0.0721 73.33+0.07
−0.04 0.3100 69.60+0.04

−0.03 0.3547 69.60+0.02
−0.02 0.0779 69.21+0.04

−0.05 0.1250 79.83+1.37
−1.40

0.0251 72.89+0.05
−0.05 0.0830 69.23+0.02

−0.02 0.0898 69.25+0.02
−0.04 0.0765 69.58+0.03

−0.04 0.0242 77.79+0.08
−0.08

48 0.9968 73.26+0.02
−0.02 0.7863 73.29+0.04

−0.02 0.7139 73.29+0.05
−0.03 0.0909 73.32+0.05

−0.05 0.0305 84.79+0.08
−0.08

0.0032 73.36+0.05
−0.05 0.0839 73.64+0.04

−0.03 0.0846 69.61+0.03
−0.04 0.0709 69.57+0.04

−0.03 0.0296 85.37+0.09
−0.08

– – 0.0613 72.89+0.03
−0.02 0.0784 69.24+0.04

−0.02 0.0682 68.80+0.04
−0.03 0.0256 83.05+0.07

−0.07

25 1.0000 73.26+0.01
−0.01 0.9972 73.26+0.02

−0.02 0.9640 73.28+0.02
−0.02 0.2482 73.32+0.05

−0.05 0.0268 69.28+0.31
−0.11

– – 0.0027 76.71+0.03
−0.02 0.0224 76.71+0.03

−0.04 0.0506 68.81+0.04
−0.04 0.0180 73.34+0.07

−0.07

– – 0.0001 73.35+0.02
−0.02 0.0034 73.22+0.02

−0.02 0.0342 76.71+0.03
−0.04 0.0131 68.80+0.08

−0.06

5 92 0.7762 73.28+0.06
−0.02 0.7104 73.26+0.04

−0.02 0.5375 73.27+0.04
−0.02 0.0445 77.76+0.07

−0.06 0.0494 68.67+0.19
−0.26
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Table A2 – continued

N0 N1 δν (µHz)
(Range 0.001 0.005 0.010 0.050 0.100
in µHz) p ��1,g (s) p ��1,g (s) p ��1,g (s) p ��1,g (s) p ��1,g (s)

(30.76) 0.1465 73.02+0.03
−0.03 0.1069 72.93+0.06

−0.10 0.0546 62.71+0.02
−0.02 0.0400 68.83+0.04

−0.04 0.0266 69.20+0.06
−0.07

0.0635 73.58+0.06
−0.02 0.0549 73.64+0.09

−0.04 0.0437 54.89+0.03
−0.04 0.0326 69.91+0.03

−0.04 0.0233 69.56+0.06
−0.06

46 0.9668 73.26+0.02
−0.02 0.6239 73.29+0.07

−0.03 0.3787 73.33+0.05
−0.06 0.0488 69.54+0.04

−0.03 0.8130 57.41+6.63
−5.12

0.0174 73.33+0.04
−0.03 0.3674 69.58+0.02

−0.02 0.2182 69.58+0.02
−0.02 0.0408 73.32+0.05

−0.05 0.0323 70.35+0.71
−0.45

0.0145 72.91+0.02
−0.02 0.0028 63.68+0.02

−0.02 0.0485 54.73+0.02
−0.02 0.0320 69.88+0.03

−0.03 0.0309 69.18+0.34
−0.35

25 1.0000 73.26+0.01
−0.01 0.9731 73.26+0.02

−0.02 0.6901 73.27+0.04
−0.03 0.0689 69.54+0.05

−0.05 0.4665 58.07+5.20
−5.43

– – 0.0078 69.55+0.02
−0.04 0.0970 67.35+0.02

−0.02 0.0525 73.32+0.05
−0.06 0.3484 71.98+5.52

−4.34

– – 0.0034 72.86+0.02
−0.02 0.0463 65.50+0.02

−0.02 0.0520 69.89+0.05
−0.04 0.0090 82.59+0.11

−0.09

17 0.9565 77.13+0.02
−0.02 0.4966 77.14+0.03

−0.04 0.3841 77.15+0.05
−0.05 0.0563 77.13+0.06

−0.06 0.0202 93.53+0.08
−0.10

0.0230 73.28+0.02
−0.02 0.2832 64.14+0.02

−0.04 0.3224 64.13+0.04
−0.03 0.0506 77.53+0.08

−0.06 0.0180 94.19+0.10
−0.10

0.0129 64.12+0.02
−0.02 0.1760 73.26+0.02

−0.02 0.1585 73.27+0.03
−0.02 0.0485 73.32+0.07

−0.06 0.0164 99.77+0.11
−0.09

Table A3. Results of a MC exercise with a 1 M� red giant model at an age of 12.6 Gyr (Model 3). The quantities
shown have the same meaning as in Table A1. The asymptotic value of ��1,g for this model is 62.15 s.

N0 N1 δν (µHz)
(Range 0.001 0.005 0.010 0.050
in µHz) p ��1,g (s) p ��1,g (s) p ��1,g (s) p ��1,g (s)

6 422 0.8710 62.05+0.02
−0.02 0.0676 62.07+0.02

−0.02 0.0393 53.55+0.02
−0.02 0.8152 55.48+10.7

−7.24

(27.36) 0.0795 62.14+0.03
−0.04 0.0272 55.87+0.02

−0.02 0.0270 52.51+0.05
−0.02 0.0914 78.28+3.51

−2.74

0.0309 62.37+0.08
−0.03 0.0237 52.52+0.02

−0.02 0.0129 50.95+0.02
−0.02 0.0062 86.74+0.27

−0.25

146 0.8552 62.06+0.02
−0.02 0.2898 62.06+0.03

−0.04 0.0956 62.07+0.12
−0.04 0.9390 63.23+7.51

−6.49

0.0663 62.15+0.03
−0.04 0.1372 60.58+0.02

−0.02 0.0919 60.44+0.03
−0.04 0.0222 79.71+1.01

−0.89

0.0471 60.46+0.02
−0.02 0.0949 62.18+0.02

−0.02 0.0859 60.61+0.14
−0.04 0.0085 50.46+0.32

−0.29

81 0.7484 62.08+0.02
−0.02 0.1624 62.06+0.02

−0.02 0.0579 60.58+0.03
−0.02 0.8786 74.87+10.7

−10.2

0.0917 62.19+0.04
−0.02 0.1291 67.37+0.02

−0.02 0.0543 62.06+0.02
−0.04 0.0387 94.17+0.84

−0.76

0.0847 60.58+0.02
−0.02 0.0698 58.27+0.02

−0.02 0.0516 58.27+0.02
−0.02 0.0136 96.01+0.20

−0.29

28 0.9119 62.06+0.02
−0.02 0.4170 62.07+0.03

−0.04 0.1485 62.06+0.03
−0.04 0.8200 61.16+11.8

−8.33

0.0426 59.46+0.02
−0.02 0.0865 55.23+0.02

−0.02 0.0465 55.22+0.08
−0.03 0.0923 84.60+3.02

−2.54

0.0103 57.46+0.02
−0.02 0.0601 59.47+0.02

−0.03 0.0318 66.36+0.02
−0.02 0.0063 94.59+0.25

−0.23

6 333 0.8775 62.07+0.02
−0.03 0.1510 62.06+0.02

−0.02 0.3745 58.78+0.78
−0.91 0.8689 62.62+4.22

−3.53

(22.78) 0.0883 62.20+0.14
−0.07 0.0554 63.50+0.02

−0.02 0.0409 60.26+0.04
−0.15 0.0621 72.12+2.02

−1.24

0.0228 62.53+0.02
−0.02 0.0515 60.61+0.02

−0.02 0.0238 60.44+0.03
−0.02 0.0492 55.82+0.57

−0.85

35 0.7534 62.07+0.02
−0.02 0.2041 62.08+0.10

−0.04 0.0434 70.91+0.02
−0.02 0.8626 59.10+10.7

−6.85

0.0803 62.17+0.02
−0.02 0.1047 60.72+0.03

−0.12 0.0406 76.59+0.03
−0.04 0.0386 80.33+1.34

−1.02

0.0798 60.72+0.02
−0.02 0.0649 65.70+0.03

−0.02 0.0304 72.50+0.02
−0.02 0.0209 86.18+0.91

−0.93

22 0.7403 62.07+0.02
−0.02 0.1675 62.07+0.02

−0.03 0.0715 62.08+0.10
−0.06 0.7925 59.14+10.9

−7.06

0.0954 67.47+0.02
−0.02 0.0836 59.46+0.03

−0.11 0.0566 57.52+0.06
−0.10 0.1309 82.59+4.10

−3.75

0.0413 57.42+0.02
−0.02 0.0674 55.22+0.02

−0.02 0.0443 55.22+0.02
−0.08 0.0143 93.05+0.59

−0.51

11 0.9340 57.47+0.02
−0.02 0.2283 57.45+0.02

−0.02 0.0470 57.44+0.04
−0.03 0.7396 57.55+9.60

−5.91

0.0649 64.87+0.02
−0.02 0.1457 64.88+0.03

−0.04 0.0421 64.88+0.02
−0.02 0.1427 78.61+4.08

−3.51

0.0009 59.87+0.02
−0.02 0.0529 62.05+0.02

−0.02 0.0380 63.13+0.02
−0.02 0.0356 86.64+1.27

−1.32

4 257 0.8109 62.07+0.02
−0.02 0.1354 62.05+0.02

−0.02 0.4164 56.40+1.06
−1.23 0.9079 67.07+6.38

−6.02

(18.20) 0.0346 60.60+0.03
−0.04 0.0658 59.40+0.02

−0.02 0.2561 58.78+0.60
−0.64 0.0504 80.75+1.70

−1.12

0.0244 60.87+0.02
−0.02 0.0428 60.60+0.02

−0.02 0.0682 54.00+0.37
−0.35 0.0122 54.09+0.46

−0.52
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Table A3 – continued

N0 N1 δν (µHz)
(Range 0.001 0.005 0.010 0.050
in µHz) p ��1,g (s) p ��1,g (s) p ��1,g (s) p ��1,g (s)

51 0.4769 62.08+0.02
−0.02 0.2376 62.05+0.02

−0.02 0.1018 62.11+0.15
−0.09 0.9063 60.93+9.78

−7.55

0.3750 59.34+0.03
−0.02 0.1386 59.46+0.03

−0.02 0.0907 60.71+0.13
−0.14 0.0517 81.76+2.29

−1.75

0.1101 60.86+0.03
−0.04 0.1089 76.50+0.02

−0.02 0.0730 59.21+0.13
−0.15 0.0027 85.54+0.14

−0.19

30 0.9354 62.05+0.05
−0.03 0.1869 62.06+0.02

−0.04 0.0457 57.44+0.12
−0.44 0.8192 60.03+11.4

−7.57

0.0212 60.80+0.08
−0.08 0.0737 62.17+0.02

−0.02 0.0305 76.58+0.03
−0.04 0.1112 83.84+3.80

−3.06

0.0053 60.59+0.02
−0.02 0.0634 63.57+0.02

−0.02 0.0172 74.80+0.02
−0.02 0.0156 90.54+0.59

−0.82

19 0.7021 67.46+0.02
−0.02 0.2500 62.07+0.02

−0.02 0.0896 62.07+0.10
−0.03 0.6682 54.27+6.09

−3.36

0.2775 62.06+0.02
−0.02 0.1272 67.46+0.02

−0.02 0.0549 55.21+0.07
−0.08 0.2381 71.14+6.32

−4.77

0.0060 67.51+0.02
−0.02 0.0795 55.22+0.02

−0.02 0.0355 67.46+0.02
−0.02 0.0185 84.83+0.86

−0.71

Table A4. Results of the MC exercises with three red giant stars observed by the Kepler satellite. The quantities shown have the same
meaning as in Table A1.

δν (σ = 0.022 µHz)
KIC id 1σ 2σ 3σ 4σ 5σ

p ��1,g (s) p ��1,g (s) p ��1,g (s) p ��1,g (s) p ��1,g (s)

0.8087 81.54+0.06
−0.04 0.6339 81.53+0.06

−0.05 0.5506 81.52+0.06
−0.05 0.4370 81.52+0.07

−0.06 0.3122 81.53+0.08
−0.07

10200377 0.1169 82.51+0.02
−0.02 0.1993 82.52+0.03

−0.04 0.1757 82.51+0.06
−0.08 0.1976 84.84+0.05

−0.04 0.2658 84.86+0.06
−0.05

0.0190 81.69+0.04
−0.03 0.0558 83.42+0.02

−0.03 0.1006 84.83+0.04
−0.03 0.1303 82.49+0.08

−0.11 0.0889 82.47+0.09
−0.10

0.5389 76.98+0.04
−0.02 0.3463 76.99+0.09

−0.04 0.2796 79.81+0.07
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