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ABSTRACT

We have discovered rotationally split core g-mode triplets and surface p-mode triplets and
quintuplets in a terminal age main sequence A star, KIC 11145123, that shows both δ Sct pmode pulsations and γ Dor g-mode pulsations. This gives the first robust determination of the
rotation of the deep core and surface of a main sequence star, essentially model-independently.
We find its rotation to be nearly uniform with a period near 100 d, but we show with high
confidence that the surface rotates slightly faster than the core. A strong angular momentum
transfer mechanism must be operating to produce the nearly rigid rotation, and a mechanism
other than viscosity must be operating to produce a more rapidly rotating surface than core.
Our asteroseismic result, along with previous asteroseismic constraints on internal rotation in
some B stars, and measurements of internal rotation in some subgiant, giant and white dwarf
stars, has made angular momentum transport in stars throughout their lifetimes an observational science.
Key words: asteroseismology – stars: rotation – stars: interiors – stars: oscillations – stars:
variables – stars: individual (KIC 11145123)
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INTRODUCTION

For four hundred years, since Galileo, we have known that the
Sun rotates. As the Sun and stars evolve, their cores shrink while
their outer envelopes expand and are eventually ejected, carrying
away angular momentum. If stars conserved angular momentum
throughout their lives, the surviving compact cores – white dwarfs
and neutron stars – would spin much faster than is observed. Recently, Kepler Mission data have revealed core rotation in two red
giant stars that is 5 − 10 times faster than the surface rotation
(Deheuvels et al. 2012; Beck et al. 2012), a contrast weaker than
expected. Therefore, a strong mechanism for angular momentum
transport must be acting before stars become red giants, probably
in the dominant main sequence phase. Yet little is known of the
internal rotation and angular momentum transport of stars.
Studies of stellar rotation and angular momentum transport are
important for a full understanding of stellar evolution (Pinsonneault
1997; Tayar & Pinsonneault 2013). This affects wider studies of the
chemical evolution of the universe, of galaxy formation and evolution, through its strong impact on stellar structure and evolution. It
is also closely connected to the stellar dynamo process, and hence
contributes to our understanding of the origin of the magnetic fields
in the universe.
c 0000 RAS
⃝

In asteroseismology of main sequence stars, pressure modes
probe the outer layers of a star, and gravity modes probe the deep
interior (Unno et al. 1989; Aerts, Christensen-Dalsgaard & Kurtz
2010). To find both kinds of modes in one star promises a full
view of the interior, a place Arthur Eddington (Eddington 1926)
described as “less accessible to scientific investigation than any
other region of our universe.” Since the birth of helioseismology
(Leighton, Noyes & Simon 1962), observations of internal pulsational gravity modes have been eagerly sought, without clear success (Appourchaux et al. 2010). Consequently, for our Sun the interior differential rotation is known only half way down to the core
(Schou et al. 1998). Up to now the only other observational indications of internal rotation in main sequence stars come from modeldependent studies of two β Cep stars for which a single low overtone p-mode rotational dipole triplet and two or three of five possible components of the lowest overtone g-mode quadrupole quintuplet have been observed. For the β Cep star HD 129929 Dupret
et al. (2004) found indications of internal differential rotation (see
also Aerts et al. 2003), and for another β Cep star, θ Oph, Briquet
et al. (2007) found indications of solid-body rotation. Both of these
studies place only weak, model-dependent constraints on internal
rotation.
Our aim is to find main sequence stars that show both the pres-

2

Kurtz et al.

sure modes (p modes) and gravity, or buoyancy, modes (g modes)
using the exquisitely precise Kepler Mission photometric data for
the purpose of observing their interior rotation from the surface
right to the core. The best candidates for this are stars known as
δ Sct – γ Dor hybrids, of which there are several hundred amongst
the 190 000 stars observed by Kepler during its four-year mission (Uytterhoeven et al. 2011). We discuss our first success,
KIC 11145123, in this paper.
For readers new to asteroseismology, we summarise some basic concepts used in this paper. Each eigenmode of adiabatic oscillations of spherically symmetric stars is specified by the three
indices, n, l and m, which are called the radial order, the spherical degree and the azimuthal order, respectively. These indices represent the structure of the eigenfunction (e.g., the radial displacement). The indices l and m indicate the number of surface nodes,
and the number of surface nodes that are lines of longitude, respectively. Modes with l = 0, 1 and 2 correspond to radial, dipolar
and quadrupolar modes, respectively. We adopt the convention that
positive (negative) m designates prograde (retrograde) modes with
respect to rotation in the inertial frame. The radial order n is associated with the structure in the radial direction (Takata 2012).
We particularly follow Takata (2006) for the radial order of dipolar
modes. Negative values of n denote the radial orders of g modes.

2

OBSERVATIONS AND FREQUENCY ANALYSIS

KIC 11145123 has a Kepler magnitude Kp = 13, and is a late A
star. From the Kepler Input Catalogue (KIC) revised photometry
(Huber et al. 2014), its effective temperature is 8050 ± 200 K and
its surface gravity is log g = 4.0 ± 0.2 (cgs units), showing it to be
a main sequence A star. The data used for the analysis in this paper
are the Kepler quarters 0 to 16 (Q0 – Q16) long cadence (LC) data.
Kepler has an orbital period about the Sun of 372.4536 d, hence
the quarters are just over 93 d. We used the multi-scale, maximum
a posteriori (msMAP) pipeline data; information on the reduction
pipeline can be found in the data release notes 211 . To optimise
the search for exoplanet transit signals, the msMAP data pipeline
removes astrophysical signals with frequencies less than 0.1 d−1
(or periods greater than 10 d). None of the pulsation frequencies
we analyse in this paper are near to that lower limit, but if the star
has a direct rotational signal, e.g. from starspots, that will have been
erased by the pipeline. Since, as we show, the rotation period is near
to 100 d, any data reduction technique will struggle to find a direct
signal at this period because of its similarity to the time span or the
Kepler quarterly rolls. This has no effect on our analysis.
The top panel of Fig. 1 shows a full amplitude spectrum out
to the Nyquist frequency for KIC 11145123 for the nearly continuous Kepler Q0-16 LC data spanning 1340 d (3.7 y). There are pulsations in both the g-mode and p-mode frequency regions, which
are clearly separated. The second and third panels show expanded
views of those p-mode and g-mode frequency ranges, respectively.

2.1

The p modes

In the p-mode frequency range the highest amplitude peak is a singlet, which we identify as arising from a radial mode; all other
higher amplitude frequencies in this range are in mode triplets, or
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Figure 1. Top panel: An amplitude spectrum for the Q0-16 Kepler long
cadence data up to the Nyquist frequency for KIC 11145123, showing the
presence of both g modes and p modes that are clearly separated. The middle and bottom panels show expanded looks in the p-mode and g-mode
frequency ranges, respectively.

mode quintuplets, all split by the rotation frequency in the outer
envelope of the star.
The highest amplitude δ Sct p mode is at ν1 = 17.96352 d−1
and is shown in Fig. 2a. For an estimate of the p-mode radial overtones, it is useful to look at the Q value for ν1 . This is defined to
be
r
ρ
(1)
Q = Posc
ρ⊙
where Posc is the pulsation period and ρ is the mean density; Q is
known as the “pulsation constant”. Equation (1) can be rewritten as
c 0000 RAS, MNRAS 000, 000–000
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Figure 2. (a): An amplitude spectrum for the highest amplitude p mode
singlet. (b): The amplitude spectrum of the residuals after prewhitening by
ν1 .

1
1
log g +
Mbol + log Teﬀ , (2)
2
10
where Posc is given d, log g uses cgs units and Teﬀ is in K. Using Teﬀ = 8050 K and log g = 4.0, and estimating the bolometric
magnitude to be about 2 gives Q = 0.025, which is typical of first
radial overtone pulsation in δ Sct stars (Stellingwerf 1979). We thus
find here only that the p mode frequencies are due to low overtone
modes. In our best model for KIC 11145123 discussed in Section 3
below we find the highest amplitude mode to be the second overtone radial mode.
Fig. 3 shows an example of a p-mode triplet and a p-mode
quadrupole quintuplet. The low visibility of the central m = 0
mode peak for a dipole mode suggests a high inclination of the
pulsation axis (which is assumed to be coincident with the rotation
axis). The visibility of the m = +1, −1 modes of the quadrupole
then argues that the inclination angle may be i ∼ 70◦ . This argument is not strong, since we do not expect equipartition of energy
between modes in δ Sct stars, but it is indicative of the orientation
of the rotation axis to the line-of-sight. We will see in the next section that all of the g-mode dipole triplets show low visibility of the
m = 0 mode. Some of the other p-mode triplets do not show this
amplitude pattern.
log Q = −6.454 + log Posc +

2.2

The g modes

Fig. 4 shows the g modes. A detailed examination of the amplitude
spectrum shows at least 15 g-mode triplets, which we identify as
c 0000 RAS, MNRAS 000, 000–000
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Figure 4. (a): An amplitude spectrum for the g modes. There is a series of
high overtone, nearly equally spaced mode triplets that appear at first look
to be doublets. (b): A higher resolution look at the highest peaks. Panel (c)
shows that the central peaks of the triplets are present; note the change of
scale from the upper panels.

consecutive overtones of dipole modes. All of the central m = 0
modes have low visibility. The higher resolution look at the four
highest amplitude g-mode triplets shows that the m = 0 mode
peaks are visible. This again suggests that the inclination of the
pulsation axis is high, as for the p-mode triplet shown in the previous section.
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Figure 3. (a): An amplitude spectrum for one of the p-mode triplets. (b): The amplitude spectrum of the residuals after prewhitening by the three triplet
frequencies. (c): An amplitude spectrum for one of the p-mode quintuplets. (d): The amplitude spectrum of the residuals after prewhitening by the five
quintuplet frequencies. Note the change of scale for the bottom panels.

2.3

The frequencies

Tables 1 and 2 give the results of a combination of linear leastsquares and nonlinear least-squares fits of 61 derived p-mode and
g-mode frequencies to the Q0-16 data. Because of the decreasing
signal to noise ratio for these further peaks, we chose for this first
study of KIC 11145123 to analyse only the most significant multiplets. There is still variance in the data, as we will see in section 2.4
below, so the formal errors are slightly overestimated. They may,
therefore, be considered to be conservative.
The first column in Tables 1 and 2 marks the g modes (g), and
the p-mode singlet (s), triplets (t) and quintuplets (q). The next three
columns give frequency, amplitude and phase (with respect to t0 =
BJD2455634.3). The fifth column gives the frequency separation
between the components of each multiplet. For the g modes half of
the frequency splitting has been given, since the measured doublets
are for the dipole m = +1, −1 modes, with the m = 0 mode either
not visible, or not recorded here because of the low amplitude. For
the p modes within the errors all splittings for a multiplet are equal,
which is consistent with our expectation that there are no secondorder effects for such a long rotation period (∼100 d), assuming
that latitudinal differential rotation is insignificant.
While we model the internal rotation of KIC 11145123 in section 4 below, we note here that the ratio of the average of all of
the p-mode splittings in Table 2 to the average of all of the g-mode
splittings in Table 1 is 1.98. If the star rotates rigidly, a first-order

value of 2 is expected for this ratio because the high-overtone gmode Ledoux constant [cf. equation (4)] asymptotically approaches
Cn,l = 0.5 (appendix A2), and the p-mode Ledoux constants are
expected to be close to zero. This already suggests almost uniform
rotation of the star without detailed modelling of its structure. Thus
we can determine the rotation in the deep interior and at the surface in a nearly model-independent manner. Our internal rotational
measurements are not model sensitive.
Because the 15 consecutive g-mode multiplets we present
in Table 1 are high radial overtone, they asymptotically approach
equal period spacing. We show that and calculate the average period spacing for our model in Table 3.
2.4

Mode coupling

The p modes and g modes are coupled. Fig. 5 shows
ν1 ± the g mode frequencies, where ν1 is the frequency of the
highest amplitude singlet p mode. This proves that both p modes
and g modes originate in the same star.

3

MODEL

Theoretical models of KIC 11145123 are constructed in this section. We have calculated evolutionary models using the MESA
(Modules for Experiments in Stellar Astrophysics; version 4298)
c 0000 RAS, MNRAS 000, 000–000
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Table 1. A least squares fit of all of the frequency multiplets for KIC 11145123. A total of 61 frequencies were fitted by nonlinear least squares. The time zero
point is t0 = BJD2455634.3. For clarity this table is split into two parts, although the fit was done simultaneously. This Table shows the g-mode frequencies.
frequency
d−1

amplitude
mmag

g
g

1.2048302 ± 0.0000030
1.2143215 ± 0.0000041

1.3197 ± 0.0095
0.9647 ± 0.0095

0.4888 ± 0.0072
2.3206 ± 0.0098

0.0047456 ± 0.0000025

g
g

1.2423952 ± 0.0000075
1.2519753 ± 0.0000190

0.5225 ± 0.0095
0.2060 ± 0.0095

0.4202 ± 0.0182
−1.6226 ± 0.0460

0.0047901 ± 0.0000102

g
g

1.2823111 ± 0.0000033
1.2918109 ± 0.0000130

1.1814 ± 0.0095
0.3018 ± 0.0095

0.5905 ± 0.0080
1.6393 ± 0.0314

0.0047499 ± 0.0000067

g
g

1.3228337 ± 0.0000031
1.3323722 ± 0.0000056

1.2679 ± 0.0095
0.6970 ± 0.0095

0.7935 ± 0.0075
1.9798 ± 0.0136

0.0047692 ± 0.0000032

g
g

1.3687453 ± 0.0000019
1.3782838 ± 0.0000017

2.0210 ± 0.0095
2.2364 ± 0.0095

−0.4447 ± 0.0047
−1.2430 ± 0.0042

0.0047693 ± 0.0000013

g
g

1.4134084 ± 0.0000014
1.4229207 ± 0.0000016

2.8147 ± 0.0095
2.4954 ± 0.0095

0.4081 ± 0.0034
−0.0643 ± 0.0038

0.0047562 ± 0.0000010

g
g

1.4648931 ± 0.0000019
1.4744549 ± 0.0000021

2.0234 ± 0.0095
1.8995 ± 0.0095

−2.0308 ± 0.0047
−0.8012 ± 0.0050

0.0047809 ± 0.0000014

g
g

1.5188455 ± 0.0000029
1.5283515 ± 0.0000032

1.3352 ± 0.0095
1.2077 ± 0.0095

2.7598 ± 0.0071
2.1678 ± 0.0078

0.0047530 ± 0.0000022

g
g

1.5767857 ± 0.0000057
1.5863571 ± 0.0000209

0.6825 ± 0.0095
0.1870 ± 0.0095

0.5361 ± 0.0139
2.0174 ± 0.0507

0.0047857 ± 0.0000108

g
g

1.6422380 ± 0.0000072
1.6518053 ± 0.0000040

0.5416 ± 0.0095
0.9658 ± 0.0095

−2.3584 ± 0.0175
−0.9337 ± 0.0098

0.0047836 ± 0.0000041

g
g

1.7081867 ± 0.0000080
1.7177950 ± 0.0000286

0.4857 ± 0.0095
0.1365 ± 0.0095

−2.5744 ± 0.0195
1.4300 ± 0.0694

0.0048041 ± 0.0000149

g
g

1.7844364 ± 0.0000323
1.7940049 ± 0.0000078

0.1213 ± 0.0095
0.4994 ± 0.0095

2.3874 ± 0.0783
−1.4506 ± 0.0190

0.0047842 ± 0.0000166

g
g

1.8592729 ± 0.0000479
1.8687875 ± 0.0000054

0.0817 ± 0.0095
0.7246 ± 0.0095

0.1605 ± 0.1160
−0.5083 ± 0.0131

0.0047573 ± 0.0000241

g
g

1.9460793 ± 0.0000174
1.9556277 ± 0.0000256

0.2247 ± 0.0095
0.1529 ± 0.0095

−1.2539 ± 0.0422
0.8132 ± 0.0620

0.0047742 ± 0.0000155

g
g

2.0399136 ± 0.0000203
2.0494919 ± 0.0000528

0.1928 ± 0.0095
0.0741 ± 0.0095

1.0005 ± 0.0491
0.0842 ± 0.1280

0.0047891 ± 0.0000283

code (Paxton et al. 2013), and have performed linear adiabatic pulsation analyses for the models using pulsation codes based on those
of Saio & Cox (1980) and Takata (2012). The heavy element abundance is scaled by the solar mixture of Asplund et al. (2009), and
OPAL opacity tables (Iglesias & Rogers 1996) are used. The mixing length is set equal to 1.7 Hp with Hp being the pressure scale
height, although changing the mixing length hardly affects the results discussed in this paper. Atomic diffusion is activated in the
code to erase noise in the distribution of the Brunt-Väisälä frequency in the zones with mean molecular weight gradients. Although atomic diffusion causes the helium abundance, Y , in the
outermost layers to decrease by about 0.08 − 0.15 at the end of
main-sequence stage, it has been checked that this hardly changes
the property of low-order p modes which we compare with observation.

c 0000 RAS, MNRAS 000, 000–000
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phase
radians

3.1

∆f
d−1

Period spacing of high-order g modes

One of the remarkable pulsation properties of KIC 11145123 is
the regular frequency spacing of triplet g modes, given in Table 3,
which is expected from the asymptotic theory of g modes. The average period spacing of the central frequencies of the 15 consecutive high-overtone g-mode triplets is ∆Pg = 0.024 d, as can be
seenR in Table 3. This period spacing is asymptotically proportional
to [ N d ln r]−1 , where N is the Brunt-Väisälä (or buoyancy) frequency.
As a star evolves, the distribution of the Brunt-Väisälä frequency in the interior varies, hence g-mode period spacings vary.
Fig. 6 shows the period spacing (Pn−1 − Pn ) as a function of gmode period at selected evolutionary stages of the 2.05-M⊙ model
with (X, Z) = (0.72, 0.014). As discussed by Miglio et al. (2008),
the period spacing is modulated due to the presence of a steep variation in the Brunt-Väisälä frequency caused by a change in the gradient of the distribution of mean molecular weight. Fig. 7 shows
the distributions of hydrogen abundance and the Brunt-Väisälä fre-
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Table 2. A least squares fit of all of the frequency multiplets for KIC 11145123. A total of 61 frequencies were fitted by nonlinear least squares. The time zero
point is t0 = BJD2455634.3. For clarity this table is split into two parts, although the fit was done simultaneously. This Table shows the p-mode frequencies.
frequency
d−1

amplitude
mmag

phase
radians

∆f
d−1

q
q
q
q
q

16.7258824 ± 0.0000017
16.7339455 ± 0.0000186
16.7420104 ± 0.0000075
16.7500755 ± 0.0000110
16.7580083 ± 0.0000504

2.3298 ± 0.0095
0.2111 ± 0.0095
0.5266 ± 0.0095
0.3561 ± 0.0095
0.0776 ± 0.0095

1.4903 ± 0.0041
2.6371 ± 0.0450
−0.8098 ± 0.0180
−0.9646 ± 0.0266
−0.2290 ± 0.1221

0.0080632 ± 0.0000186
0.0080649 ± 0.0000200
0.0080651 ± 0.0000133
0.0079328 ± 0.0000516

s

17.9635133 ± 0.0000005

7.2526 ± 0.0095

1.3127 ± 0.0013

t
t
t

18.3558305 ± 0.0000029
18.3660001 ± 0.0000135
18.3761210 ± 0.0000034

1.3355 ± 0.0095
0.2899 ± 0.0095
1.1325 ± 0.0095

1.7401 ± 0.0071
1.5984 ± 0.0327
−2.9178 ± 0.0084

0.0101696 ± 0.0000138
0.0101209 ± 0.0000139

q
q
q
q
q

18.9869603 ± 0.0000078
18.9967001 ± 0.0000060
19.0064482 ± 0.0000056
19.0161736 ± 0.0000101
19.0259102 ± 0.0000086

0.5021 ± 0.0095
0.6477 ± 0.0095
0.6933 ± 0.0095
0.3875 ± 0.0095
0.4525 ± 0.0095

−1.1092 ± 0.0189
−0.9156 ± 0.0146
−2.4825 ± 0.0137
−0.0080 ± 0.0244
−2.6214 ± 0.0209

0.0097398 ± 0.0000099
0.0097481 ± 0.0000083
0.0097254 ± 0.0000116
0.0097366 ± 0.0000133

t
t
t

21.9933315 ± 0.0000064
22.0018915 ± 0.0000286
22.0104220 ± 0.0000064

0.6117 ± 0.0095
0.1367 ± 0.0095
0.6109 ± 0.0095

3.1067 ± 0.0155
−1.1618 ± 0.0693
3.0405 ± 0.0155

0.0085600 ± 0.0000293
0.0085305 ± 0.0000293

t
t
t

23.5061953 ± 0.0000545
23.5160925 ± 0.0001851
23.5258540 ± 0.0000224

0.0719 ± 0.0095
0.0212 ± 0.0095
0.1747 ± 0.0095

−0.1717 ± 0.1319
0.1104 ± 0.4474
−2.6177 ± 0.0542

0.0098972 ± 0.0001930
0.0097615 ± 0.0001865

q
q
q
q
q

23.5455350 ± 0.0000303
23.5553428 ± 0.0000582
23.5651835 ± 0.0000480
23.5749885 ± 0.0000607
23.5847898 ± 0.0000163

0.1293 ± 0.0095
0.0676 ± 0.0095
0.0815 ± 0.0095
0.0648 ± 0.0095
0.2403 ± 0.0095

1.0403 ± 0.0733
0.5831 ± 0.1408
2.8241 ± 0.1163
−2.5933 ± 0.1468
0.5719 ± 0.0394

0.0098079 ± 0.0000656
0.0098407 ± 0.0000754
0.0098050 ± 0.0000774
0.0098013 ± 0.0000629

t
t
t

23.8082903 ± 0.0001093
23.8185035 ± 0.0000701
23.8286824 ± 0.0000580

0.0362 ± 0.0095
0.0560 ± 0.0095
0.0679 ± 0.0095

−3.0537 ± 0.2650
2.4199 ± 0.1699
1.3008 ± 0.1409

0.0102132 ± 0.0001298
0.0101790 ± 0.0000910

t
t
t

24.4093984 ± 0.0000173
24.4192854 ± 0.0000559
24.4291655 ± 0.0000551

0.2245 ± 0.0095
0.0699 ± 0.0095
0.0710 ± 0.0095

1.6409 ± 0.0420
0.3261 ± 0.1355
−2.3962 ± 0.1333

0.0098870 ± 0.0000585
0.0098801 ± 0.0000785

Table 3. The central g-mode frequencies for each more triplet calculated by averaging the two observed m = +1, −1 mode frequencies are given in column 1.
The second column then gives the corresponding period, and the final column gives the period spacing with the next mode period. The average period spacing
is 0.0241 ± 0.0009 d.
frequency
d−1

period (P)
d

∆P
d

1.2095758 ± 0.0000030
1.2471853 ± 0.0000127
1.2870610 ± 0.0000086
1.3276030 ± 0.0000042
1.3735146 ± 0.0000018
1.4181646 ± 0.0000015
1.4696740 ± 0.0000021
1.5235985 ± 0.0000033
1.5815714 ± 0.0000171
1.6470217 ± 0.0000068
1.7129908 ± 0.0000255
1.7892207 ± 0.0000297
1.8640302 ± 0.0000449
1.9508535 ± 0.0000302
2.0447027 ± 0.0000578

0.8267361 ± 0.0000021
0.8018055 ± 0.0000082
0.7769640 ± 0.0000052
0.7532372 ± 0.0000024
0.7280593 ± 0.0000009
0.7051368 ± 0.0000007
0.6804230 ± 0.0000010
0.6563409 ± 0.0000014
0.6322825 ± 0.0000069
0.6071566 ± 0.0000025
0.5837743 ± 0.0000087
0.5589026 ± 0.0000093
0.5364720 ± 0.0000129
0.5125961 ± 0.0000079
0.4890687 ± 0.0000138

0.0249306 ± 0.0000084
0.0248415 ± 0.0000097
0.0237267 ± 0.0000057
0.0251780 ± 0.0000026
0.0229225 ± 0.0000012
0.0247138 ± 0.0000012
0.0240821 ± 0.0000017
0.0240583 ± 0.0000070
0.0251260 ± 0.0000073
0.0233823 ± 0.0000090
0.0248717 ± 0.0000127
0.0224306 ± 0.0000159
0.0238758 ± 0.0000152
0.0235275 ± 0.0000159
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Figure 6. Period spacings of g modes (Pn−1 − Pn ) as a function of gmode period for selected evolutionary stages of the 2.05-M⊙ model with
(X, Z) = (0.72, 0.014). The observed period spacings of KIC 11145123
are shown by filled squares. Also plotted (triangles) are period spacings
of the best model of 1.46 M⊙ with (X, Z) = (0.65, 0.010). This shows
KIC 11145123 to be at the TAMS stage with core hydrogen heavily depleted.

mean spacing ∆Pg decreases, gradually at first, then rapidly after the TAMS contraction phase. The value of ∆Pg can therefore
be regarded as an indicator of the evolutionary stage of the star.
The period spacing of KIC 11145123, ∆Pg = 0.024 d, can be reproduced during the TAMS contraction phase in the mass range
appropriate for δ Sct – γ Dor stars; this is a robust constraint on
the model of KIC 11145123. The position where ∆Pg = 0.024 d
in the HR diagram is indicated by a filled circle in Fig. 9 on each
evolutionary track.

3.2

Figure 5. (a): An amplitude spectrum for the p mode range after removing
the peaks given in Tables 1 and 2. Panels (b) and (c) show ν1 (the radial
mode singlet highest amplitude mode) plus and minus the g mode pattern,
respectively. This proves the p modes and g modes are coupled.

quency for each of the evolution stages shown in Fig. 6. The modulation is significant in relatively early phases due to a sharp variation in the Brunt-Väisälä frequency. The modulation period and
its amplitude, as well as the mean spacing ∆Pg , decrease as the
evolution proceeds. The terminal age main sequence (TAMS) contraction starts when the central hydrogen abundance is reduced to
Xc ≈ 0.05. The period spacings of KIC 11145123, which hardly
modulate, are consistent with a model in the TAMS contraction
phase.
Fig. 8 shows how the mean period spacing of g-modes varies
during the evolution for various masses. As the star evolves, the
c 0000 RAS, MNRAS 000, 000–000
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Radial order of the singlet at ν1

We identify the highest-amplitude p-mode singlet at 17.964 d−1
(= ν1 ), which is shown in Fig. 1 and Table 2, as a radial mode. This
is another important constraint on the model of KIC 11145123.
Dashed lines in Fig. 9 indicate approximate loci where radial first,
second, and third overtones have the frequency ν1 . If a filled circle
on an evolutionary track is located on a dashed line, the model at
the filled circle reproduces ∆Pg as well as the singlet frequency
ν1 . Fig. 9 shows that for models of 2.0 ! M/M⊙ ! 2.2 with our
standard initial composition (X, Z) = (0.72, 0.014), the points
where ∆Pg = 0.024 d are on the dashed line for the third-overtone
radial-mode. Among the models, the model of 2.05 M⊙ lies well
within the error box based on KIC parameters revised by Huber
et al. (2014), i.e., Teﬀ = 8050 ± 200 K and log g = 4.0 ± 0.2.
If a different initial chemical composition is adopted, and/or
a small overshooting from a convective-core boundary is taken
into account, we can obtain models which fit (in addition to the
observed ∆Pg ) the singlet frequency ν1 with a second- or a
fourth-overtone radial-mode. For example, the singlet frequency ν1
is reproduced by the second-overtone radial-mode of the model,
(M/M⊙ , X, Z) = (1.40, 0.58, 0.014) or (1.46, 0.65, 0.010),
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Figure 7. Lower panel: Brunt-Väisälä frequency in units of d−1 as a function of fractional radius at stages corresponding to those in Fig. 6. Upper panel: Hydrogen mass fraction as a function of fractional radius; each
line corresponds to the stage in the lower panel. Solid and dashed lines
are for 2.05 M⊙ with (X, Z) = (0.72, 0.014) and for 1.46 M⊙ with
(X, Z) = (0.65, 0.010), respectively.

Figure 9. An HR diagram for main sequence stars with masses consistent
with the effective temperature and surface gravity of KIC 11145123. The
box shows the KIC estimates Teﬀ = 8050 ± 200 K and log g = 4.0 ±
0.2 with 1σ errors. The evolutionary tracks of solid lines are for a solar
metal abundance of Z = 0.014, and an initial helium abundance of Y =
0.266. The filled circles are the positions where the average period spacing
of the g modes is ∆Pg = 0.024 d, as observed; they are connected by
a dotted line for clarity. The dashed lines show the position of stars for
which our models fit the highest amplitude singlet p mode seen in Fig. 1 as
a radial first, second or third overtone mode. The M = 2.05-M⊙ model
of the standard abundance fits the singlet as the radial third-overtone, and
the g-mode period spacing, as well as the KIC Teﬀ and log g, although the
model fails to fit some p mode frequencies. The evolutionary tracks with a
dash-dotted line and with a long-dash-short-dash line are for 1.40 M⊙ with
(X, Z) = (0.58, 0.014) and for 1.46 M⊙ with (X, Z) = (0.65, 0.010),
respectively. Models at filled circles on these evolutionary tracks are best
models in the sense that they reproduce reasonably well all observed pmode frequencies as well as ∆Pg .

with ∆Pg = 0.024 d as seen in Fig. 9. (In this figure, the filled circles for these models are not on the dashed line for the second overtone because of the composition differences.) In summary, there are
many models which reproduce ∆Pg and ν1 . From them we choose
a few best models by using frequencies of nonradial p-modes of
KIC 11145123.

3.3
Figure 8. Variations of mean period spacing, ∆Pg , with evolution from
the ZAMS to the end of the TAMS contraction for selected masses. At
each evolutionary stage, ∆Pg was obtained by averaging period the differences (Pn−1 − Pn ) in the observed period range of KIC 11145123
(0.48 − 0.83 d). The wiggles seen in relatively early phases are due to large
modulation in the spacings as seen in Fig. 6. The period spacing decreases
as the central mass concentration increases with evolution. The TAMS contraction starts at minimum effective temperature and ends at a local maximum. The g-mode period spacing of KIC 11145123, 0.024 d, is realized
only during the TAMS contraction phase.

Fitting with other p modes

Fig. 10 compares observed p-mode frequencies (bottom panel) with
corresponding frequencies from selected models (relatively massive models in the middle panel, and less massive models in the
top panel). The 2.05-M⊙ model in the middle panel has the standard initial composition, and lies within the error box on the HR
diagram in Fig. 9. Although this model reproduces reasonably well
ν1 (radial third-overtone), ν2 (l = 1, 18.366 d−1 ) and ν3 (l = 2,
16.742 d−1 ), it cannot reproduce ν4 (l = 2, 19.006 d−1 ) and ν5
(l = 1, 22.002 d−1 ). The situation is similar for the metal-rich
(Z = 0.03) 2.10-M⊙ model in the middle panel, except that ν1
corresponds to the radial fourth-overtone in this case. In particular,
it is remarkable that the frequency of the l = 2 mode thought to
correspond to ν4 (> ν2 ) is lower than ν2 in these models.
To obtain models which fit p-mode frequencies better than the
c 0000 RAS, MNRAS 000, 000–000
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Figure 10. Observed p-mode frequencies (bottom panel) are compared with
frequencies of selected models (top and middle panels). Solid lines, dashdotted lines, and dashed lines are for radial modes, dipole (l = 1) modes,
and quadrupole (l = 2) modes, respectively.

above models, we have calculated various other models that reproduce ∆Pg and ν1 . A model with a given mass and an initial chemical composition is found which has ∆Pg that agrees with the observed value (0.024 d) during the TAMS contraction phase. At that
stage, however, the model does not necessarily have a radial-mode
period consistent with ν1 . By repeating above calculations with different initial helium abundances, we obtain a model that reproduces
both ∆Pg and ν1 for a given mass and metallicity Z.
The nonradial p-mode frequencies of the models thus obtained
are compared with the observed ones; the frequency ratio corresponding to ν4 /ν2 and the mean deviation from the observed four
nonradial p-modes are plotted in Fig. 11 as functions of the model
mass. Different symbols distinguish the radial overtone fitted to ν1
and the metallicity of the models. Generally, the singlet ν1 is fitted
to the second overtone in less massive models, while it is fitted to
the third or fourth overtone in massive models. This figure shows
that the ν4 /ν2 ratio (lower panel) and the mean deviation depend
almost entirely on the model mass, with little dependence on metallicity and the radial order fitted to ν1 . At ∼2 M⊙ the ν4 /ν2 ratio is
much smaller than the observed ratio. As the mass decreases the
frequency ratio approaches the observed ν4 /ν2 ratio and the mean
deviation decreases; this indicates that in order to fit all of the observed p modes, the stellar mass must be considerably smaller than
2 M⊙ despite the KIC parameters for the position in the HR diagram.
The mean deviation attains a minimum at 1.40 M⊙ for Z =
0.014 and 1.46 M⊙ for Z = 0.010; they have initial helium abundances of 0.406 and 0.36, respectively, considerably higher than the
normal abundance. Fig. 10 shows that p-mode frequencies of these
models (top panel) reproduce reasonably well all the observed pmode frequencies with large amplitude. They are our best models of KIC 11145123 based on the p- and g-mode frequencies. Table 4 provides mode identification based on the best model with
1.46 M⊙ . While all of the g modes and most of the p modes are successfully identified, two of the low-amplitude p modes (those with
frequencies 23.516 d−1 and 23.819 d−1 ), which are not taken into
c 0000 RAS, MNRAS 000, 000–000
⃝
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Figure 11. Mean deviation of the four nonradial modes (upper panel) and
predicted ratio for ν4 /ν2 (lower panel) as functions of stellar mass. All
models plotted are in the TAMS contraction phase, reproducing the g-mode
period spacing, ∆Pg , as well as the singlet frequency, ν1 . The singlet is
identified as the second overtone (circles), the third overtone (squares), or
the fourth overtone (triangles) depending on the models. Filled symbols
stand for models with Z = 0.014, open circles for models with Z = 0.010,
open squares for models with Z = 0.020, open triangles for models with
Z = 0.03. The ratio ν4 /ν2 is calculated by ω(n, l = 2)/ω(n + 2, l = 1)
with the radial order n set to ns − 3. Here, ns is the radial order of the
singlet ν1 . (Note that the radial order of the k-th radial-overtone is equal to
k + 1.)

account in the best-model search, cannot be identified with modes
with l " 2. We tentatively identify them as those with l = 6, which
is usually too large to be detected because of large geometrical cancellation.
Although our best models reasonably agree with the observed
frequencies, we note that the luminosities and effective temperatures of these models are outside (too faint and too cool) of the
error box as seen in Fig. 9. Given that in our models high helium
abundance is required in the envelope, KIC 11145123 could be an
SX Phe variable that was formed by a close encounter of two stars
in a dense stellar cluster. To test this idea a detailed spectroscopic
study is needed to measure surface CNO abundances, as well as
other heavy element abundances of KIC 11145123.

4

INTERNAL ROTATION

The internal rotation of KIC 11145123 is analysed based on the observed frequency splittings. After providing basic formulae about
the rotational splittings, our analysis proceeds in two steps that give
nearly model-independent inferences, and two-zone modelling of
the rotation profile.

4.1

Rotational splittings

If a star rotates slowly, the Coriolis force and advection perturb the
eigenfrequencies of its oscillations, whereas the effect of the deformation of the star caused by the centrifugal force is negligible. If
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Table 4. Mode identification of the observed modes based on our best model
with 1.46 M⊙ . The first column indicates the type of mode that is common
to Tables 1 and 2, while the fourth and fifth columns represent the spherical
degree, l, and the radial order, n, of each mode, respectively. The identification of two modes that have a question mark in the sixth column should
be regarded as tentative.
observed frequency
d−1

model frequency
d−1

l

n

g
g
g
g
g
g
g
g
g
g
g
g
g
g
g

1.210
1.247
1.287
1.328
1.374
1.418
1.470
1.524
1.582
1.647
1.713
1.789
1.864
1.951
2.045

1.209
1.245
1.284
1.325
1.369
1.416
1.467
1.521
1.579
1.642
1.712
1.786
1.868
1.957
2.057

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

−33
−32
−31
−30
−29
−28
−27
−26
−25
−24
−23
−22
−21
−20
−19

q (ν3 )
s (ν1 )
t (ν2 )
q (ν4 )
t (ν5 )
t
q
t
t

16.742
17.964
18.366
19.006
22.002
23.516
23.565
23.819
24.419

16.693
17.925
18.448
18.849
22.007
23.444
23.488
23.966
24.453

2
0
1
2
1
6
2
6
2

−1
3
2
0
3
−2
2
−1
3

?
?

0

where n, l, m are the radial order, the spherical degree and the azimuthal order; Cn,l , which is sometimes called the Ledoux constant
(Ledoux 1951), is defined as
RR
ξh (2ξr + ξh )r 2 ρdr
,
(4)
Cn,l = R R 0
2
[ξr + l(l + 1)ξh2 ] r 2 ρdr
0

with radial (ξr ) and horizontal (ξh ) displacements; ρ and r are the
gas density and the distance from the centre, respectively. The kernel, Kn,l , is given as
ˆ 2
˜
ξr + l(l + 1)ξh2 − 2ξr ξh − ξh2 ρr 2
.
(5)
Kn,l = R R
[ξr2 + l(l + 1)ξh2 − 2ξr ξh − ξh2 ] ρr 2 dr
0
(6)

0

the integral on the right hand side of equation (3) gives the rotation rate averaged with respect to the eigenfunctions of the eigenmode specified by n and l (Unno et al. 1989; Aerts, ChristensenDalsgaard & Kurtz 2010). For later use, we explicitly introduce the
average rotation rate, Ω̄n,l , by

Z

R

Kn,l (r)Ω(r)dr.

(7)

0

It should be stressed that, although the Ledoux constant, Cn,l , was
originally introduced in the case of uniform rotation, equation (3)
is valid for any rotation profile that depends only on the radius.
We therefore do not need to assume uniform rotation at all in the
following analysis, which is based on Cn,l .
Fig. 12 shows how the observed rotational splittings are
weighted in the interior of one of our best models of KIC 11145123
with 1.46 M⊙ . The rotation in the inner core r " 0.1 R (Mr "
0.30 M ; where R and M are the total radius and total mass of
the star, respectively) dominates the g mode. The dipolar p mode
(l = 1) has a broader sensitivity in fractional radius, but is strongly
confined in fractional mass to the outer 5 per cent of the star. Thus
the separation of the dipolar p modes and g modes in frequency in
KIC 11145123 measures both surface and core rotation rates nearly
independently. On the other hand, the quadrupolar mode (l = 2)
has almost the equal sensitivity in the core and the envelope, because it has mixed characters of acoustic waves in the envelope and
gravity waves in the core.

4.2

the angular velocity, Ω, depends only on the radius, r, then the frequency perturbation, δω, in the inertial frame of reference is given
by
Z R
Kn,l (r)Ω(r)dr,
(3)
δωn,l,m = m(1 − Cn,l )

Since
Z R
Kn,l (r)dr = 1,

Ω̄n,l =

Nearly model-independent inferences

We measured the frequency splittings for the 15 g-mode dipole
triplets, and for a selection of p-mode triplets and quintuplets, as
seen in Tables 1 and 2. For all of the p-mode multiplets, the splittings within the multiplet are equal within the formal errors. This
shows that there are no second-order rotation effects measureable
and that there is no strong magnetic field in the star, as that would
perturb the multiplet frequency spacings. The equally split quintuplets indicate no detectable differential rotation in the latitudinal
direction.
For high-overtone g modes the Ledoux constant asymptotically approaches Cn,l ≈ 1/l(l + 1), which for the l = 1 dipole
g modes in KIC 11145123 gives Cn,l ≈ 0.5. This is a very general
conclusion, with which our best models constructed in section 3 are
certainly consistent. Using equation (3) for the g-mode rotational
triplets, we find Prot (core) = 104 − 105 d. On the other hand, using a typical value of the Ledoux constant for the p modes of our
models, Cn,l = 0.03, the p-mode triplets give surface rotation periods in the range 95 − 114 d. Although the above estimates do not
take account of errors in Cn,l , the consistent period range of the
p modes with that of the g modes supports uniform rotation of the
star in a broad way.
We can even show based on a careful argument about the average rotation rate, Ω̄, that the star is rotating differentially in the
sense that the envelope rotation rate is slightly higher than the core
rate. The argument is composed of the following four steps:
(i) The frequency separations of the g modes are not exactly half
of those of the p modes, as has already been pointed out in section
2.3. In fact, if we pay attention to the p- and g-mode triplets with
the highest amplitudes (those centred on f = 1.418 d−1 in Table 2
and f = 18.366 d−1 in Table 1, respectively), whose frequencies
are determined most precisely, their splittings are given by
∆f (p) = 0.0101453 ± 0.0000023 d−1

(8)

and
∆f (g) = 0.0047562 ± 0.0000010 d−1 ,

(9)

giving
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sponding lower limit of the average rotation period is given by
105.13 ± 0.02 d.
(iii) If Cn,l > 0 for the p mode, the rotation rate in the envelope
is constrained from below. Assuming Cn,l > 0 in equation (3), it is
found

l = 1, n = −28
l = 1, n = 2
l = 2, n = −1

8

6
RKn,l

δω(p) = (1 − Cn,l )Ω̄(p) < Ω̄(p).

2

Ω̄(p) > Ω̄(g),
0.2

0.4

1.0

r/R

0.6

0.8

1.0

0.6

0.4

!

0

r

Kn,l (s) ds

0.8

0.2

0.0
0.0

(13)

Therefore, the lower limit of Ω̄(p) is provided by δω(p). The corresponding upper limit of the average rotation period is given by
98.57 ± 0.02 d.
(iv) Equations (11), (12) and (13) lead to

4

0
0.0

11

l = 1, n = −28
l = 1, n = 2
l = 2, n = −1
0.2

0.4

r/R

0.6

0.8

1.0

Figure 12. Rotation kernels of our best model with 1.46 M⊙ as functions of
fractional radius (upper panel) and their cumulative profiles (lower panel).
It is clear that the g mode (with l = 1 and n = −28) is strongly weighted
to the interior 10 per cent in radius (30 per cent in mass), and the dipolar
p mode (with l = 1 and n = 2) is strongly weighted to the outer envelope.
The quadrupolar mode (with l = 2 and n = −1) is sensitive to both the
core and the envelope, because it is a mixed mode. The g mode does not
sense the inner few per cent of the core because the core is convective. The
g mode and the quadrupolar mode are strongly trapped by the steep gradient
of the distribution of mean molecular weight, which is located in the range,
0.045 ! r/R ! 0.075 (see Fig. 7).

∆f (p) − 2∆f (g) = 0.0006329 ± 0.0000030 d−1 .

(10)

Note that we generally put (p) and (g) to quantities that are associated with these (best-measured) dipolar p and g modes in this
subsection. Since ∆f = δω/(2π), it can be claimed with strong
statistical significance that
δω(p) > 2δω(g) .

(11)

(ii) The Ledoux constant, Cn,l , of high-order dipolar g modes
is not exactly equal to 12 , but is a little smaller. This is because a
detailed asymptotic analysis of high-order dipolar g modes shows
that Cn,1 approaches 12 from below [see equations (A24) and (A26)
in appendix A]. A consequence of Cn,1 < 12 with equations (3) and
(7) is that
2δω(g) = 2(1 − Cn,1 )Ω̄(g) > Ω̄(g).

(12)

Namely, the upper limit of Ω̄(g) is given by 2δω(g). The correc 0000 RAS, MNRAS 000, 000–000
⃝

(14)

which implies the rotation rate of envelope layers that are probed
by the p modes are on average higher than that of core layers that
are diagnosed by the g modes. The corresponding average rotation
period of the envelope layers is at least 7 per cent shorter than that
of the core layers.
Some comments about the crucial assumption, Cn,l > 0, at
step (iii) above follow. Although it is generally possible to find an
eigenmode with Cn,l < 0, such modes seem to be rare (e.g. Gough
2002). In fact, not a single mode with Cn,l < 0 has been found in
any of our evolutionary models in section 3, even if those that cannot reproduce the observed frequencies are included. On the other
hand, we have confirmed that some low-order dipolar p modes of
polytropic models with index higher than 3.9 have Cn,l < 0. However, the values are no less than about −0.002, whereas a value of
Cn,l " −0.07 would be required to conclude Ω̄(p) " Ω̄(g).
We stress once again that the above argument is based on only
conservative assumptions that are not influenced by detailed modelling of the star and precise mode identification. For example, one
of our fundamental assumptions is that the p mode is more sensitive
to outer layers of the star than the g mode. This is generally true for
any pair of a p mode and a high-order g mode in any main-sequence
star. Moreover, although we rely on the identification of the g mode
as the one with l = 1 and a large radial order (|n| ≫ 1), the exact value of n need not be specified, as is the case for the p mode.
Therefore, our conclusion of the higher rotation rate in the envelope
than in the core is robust.

4.3

Two-zone modelling

The robust conclusion obtained in the last subsection was made
possible by the structure of the rotation kernels. Independently of
the details of the model, the g-mode kernels are primarily confined
in the core, whereas the p-mode kernels have large amplitudes only
in the outer layers. The situation also permits the following simplified two-zone modelling.
In constructing a two-zone model, in which the angular velocity Ω(r) has the form
ȷ
Ω1 (0 " r " rb )
(15)
Ω(r) =
Ω2 (rb " r " R)
with a prescribed position of the boundary rb , one usually fits observed rotational shifts of frequencies. Here, however, because of
the segregation of their kernels, we can simply average g-mode
data and p-mode data separately and use them to obtain a two-zone
model. Namely, we define the mean rotational shift for g modes as
X
cg,nlm δωn,l,m ,
(16)
δωg =
g
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where the summation is taken over the g modes we use for the analysis. The weighting coefficients cg,nlm are inversely proportional
to the formal uncertainty in δωn,l,m , and the sum of all the coefficients is unity. Using the same weighting coefficients, observation
errors are propagated to δωg , and we also introduce a mean splitting
kernel for g modes, including the factor m(1 − Cn,l ):
X
cg,nlm m(1 − Cn,l )Kn,l (r)
(17)
Kg (r) =
g

to have the g-mode constraint
Z R
Kg (r)Ω(r)dr ,
δωg =

(18)

0

which is further simplified, assuming the two-zone model (15), to
δωg = γg1 Ω1 + γg2 Ω2

(19)

by denoting two kernel integrals with γgi :
Z rb
Kg (r)dr
γg1 =

(20)

γg2

=

Z

0

R

Kg (r)dr .

(21)

rb

We repeat the process for p modes to obtain the p-mode constraint
δωp = γp1 Ω1 + γp2 Ω2 ,

Figure 13. The step functions are the rotational frequencies (Ω(r)/2π) of
the two-zone model obtained from 15 g modes and 2 dipole p modes, for the
boundary position rb /R = 0.3, 0.4, 0.5, 0.6 and 0.7. The g-mode kernel
Kg (r) (solid curve) and the p-mode kernel Kp (r) (dashed curve) are also
shown to be well separated. The kernels are multiplied by the stellar radius
R to render them dimensionless.

(22)

with p-mode quantities defined similarly. Note that, in reality, we
used (ωn,l,+1 − ωn,l,−1 )/2 as the rotational-shift measurement for
each triplet, with formal errors properly propagated. It is then a
straightforward and transparent process to determine Ω1 and Ω2
from equations (19) and (22) and estimate the formal errors.
Fig. 13 shows the results obtained by using all 15 g modes and
two dipole p modes, ν2 and ν5 , all given in Table 4, together with
mean splitting kernels for g and p modes, which clearly show that
the spatial separation for these mean kernels is indeed good. We
have good measurements of two quadrupole mixed modes (ν3 and
ν4 in Table 4), but they are excluded from this simple analysis because their splitting kernels have amplitudes both in the core and in
the outer layers. This is in contrast to the situation in the subgiant
and giant stars studied by Deheuvels et al. (2014) and by Beck et al.
(2012), where they had to rely on mixed modes to probe the deep
interior.
The most natural choice of the boundary is rb = 0.3R, as
this is where the g-mode kernel and the p-mode kernel cross over,
but results for other values of rb are also shown. For rb = 0.3R
the estimates obtained are Ω1 /2π = 0.009379 ± 0.000002 (d−1 )
and Ω2 /2π = 0.009695 ± 0.000002 (d−1 ). As we see in Fig. 13,
the estimates do not depend strongly on the choice of rb . Essentially, these results strengthen the inference that in this star the surface layer is rotating slightly faster than the core. The surface to
core contrast of the rotation speed is about 3 per cent, less than
was indicated in Section 4.2. This is due to the inclusion of ν5 , that
exhibits rotational shifts of frequencies much less than ∆f (p) in
equation (8).
Since our estimates of Ωi are simply linear combinations of
δωg and δωp , which are in turn linear combinations of δωn,l,m
in equation (3), it is possible to write down the relation between
acquired Ωi and the rotation rate in the star in the following form
Z R
Ωi =
Ki (r)Ω(r)dr .
(23)
0

The unimodular function Ki (r) is the averaging kernel, used to

Figure 14. Averaging kernels K1 (r) (solid) and K2 (r) (dashed) for the
rb = 0.3R case, with the thin horizontal line to indicate the zero level. It is
seen that Ω1 and Ω2 indeed represent the core rotation rate and the surface
rate well. The kernels are multiplied by the stellar radius R to render them
dimensionless.

examine the resolution or, in our case, unwanted contamination by
rotation rate outside the target region. For example, if K1 (r) has
a large value near the surface, it means our estimate of the ‘core
rotation rate’ is affected by the surface rate. In our case, integrating
K1 (r) in the range 0 " r " rb and integrating K2 (r) in the range
rb " r " R return unity. As is seen in Fig. 14, the averaging
kernel K1 (r) is not completely zero in the range rb " r " R,
nor is K2 (r) in the range 0 " r " rb , but after integration they
are essentially zero, giving nearly complete separation of the zones.
The small contribution from the off-target ranges are the indication
that our choice of rb = 0.3R was a good one.
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4.3.1

Inversion

Regularised Least-Squares fitting with a first derivative constraint
has also been done, using 15 g modes and 4 p modes (ν2 to ν5 in Table 4). For strong regularisation parameters (i.e. strong smoothing),
once again we obtain rotation rates that indicate that the surface
layer is rotating slightly faster than the core.

5

DISCUSSION AND CONCLUSIONS

These results are remarkable for several reasons. The most important of these is that we see surface-to-core rotation clearly for the
first time in a star burning hydrogen in the core. Secondly, the star is
nearly a rigid rotator, but the surface layer for the highest amplitude
p mode rotates more quickly than does the core. This is unexpected.
Thirdly, the 100-d rotation period of KIC 11145123 is abnormally
long for any nonmagnetic A star.
Amongst the magnetic Ap stars rotation periods of years are
known; the longest is over a century for γ Equ. However, we consider it unlikely that KIC 11145123 is currently a magnetic Ap star:
the equal splitting of the p-mode multiplets argues against a magnetic field. No magnetic Ap star is known to pulsate in low-overtone
p modes, or in g modes. While there is a class of rapidly oscillating Ap stars (Kurtz 1990) that pulsate in high-overtone p modes,
KIC 11145123 does not show any of these, and Saio (2005) has
shown that the strong magnetic fields of the Ap stars suppress the
low-overtone p modes typical of δ Sct stars. All of these reasons
argue against a magnetic field in KIC 11145123.
The high helium abundances of our best models suggest that
KIC 11145123 could be an SX Phe variable that was formed in a
binary system after a significant mass accretion. If this is the case,
then the envelope may have been spun up considerably. In this scenario, at present, near the end of main sequence evolution, only a
slight excess of angular frequency in the envelope remains and the
rotation is nearly uniform and very slow. The small difference in
the rotation rate between the core and the envelope suggests that
the angular momentum transfer may be much stronger than has
been previously thought. This is common to the requirement suggested from the recent discoveries that the rotation speeds of red
giant cores, which are much slower than the theoretical predictions.
High-resolution spectra will test this idea by determining abundances of, in particular, CNO, and will test our prediction above
that KIC 11145123 is not a magnetic Ap star.
While the 100-d rotation period for KIC 11145123 is long
for an A star, we note that Aerts et al. (2003) found a similarly
long 80-d rotation period in the early B star HD 129929 for which
they found evidence of internal differential rotation. In the case
of KIC 11145123 it is the slow rotation that makes the rotational
splitting patterns so obvious. There are many hybrid δ Sct – γ Dor
stars in the Kepler data that show an abundance of g modes and
p modes. But with the typically much faster rotation rate than for
KIC 11145123, it is probable that the rotationally split multiplets
for these stars are not equally split, because of second order effects. Then with the richness of the g-mode frequency spectrum, it
is difficult to determine which of the plethora of frequency peaks
in the amplitude spectrum belong to dipole or quadrupole multiplets in these faster rotators, since the multiplet patterns get mixed
in frequency space. Progress may be made by understanding the
slower rotators such as KIC 11145123 first, allowing us then to begin to understand the frequency patterns of more and more rapidly
rotating stars. Studies of these stars benefit from the long 4-yr timec 0000 RAS, MNRAS 000, 000–000
⃝
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span of the Kepler data, since the mode frequency separations for
the g modes are small.
Asteroseismology has revealed internal differential rotation in
the outer half of the Sun (Schou et al. 1998), has put constraints
on interior rotation of some main sequence B stars (Aerts et al.
2003; Pamyatnykh, Handler & Dziembowski 2004; Dziembowski
& Pamyatnykh 2008; Briquet et al. 2007), surface-to-core differential rotation in two red giants stars (Beck et al. 2012; Deheuvels
et al. 2012), and some subgiants (Deheuvels et al. 2014) and both
rigid rotation (Charpinet, Fontaine & Brassard 2009) and differential rotation (Córsico et al. 2011) in two white dwarf stars.
Stars spend 90 per cent of their lifetimes as main sequence
stars. Now, for the first time, we have measured the rotation of a
main sequence A star, KIC 11145123, at the surface and in the core,
essentially model-independently, and with a clarity never seen before. We have found it to be nearly a rigid rotator with the surface
rotating slightly faster than the core. With this discovery, rotation
and angular momentum transfer inside of main sequence stars is
now an observational science. Our understanding of KIC 11145123
also shows the direction for finding more main sequence stars with
similarly rich frequency spectra with many rotational multiplets for
both p modes and g modes.
Stars are born in the wholly convective phase (the Hayashi
phase), where uniform rotation is established because of large turbulent viscosity. Subsequent stellar evolution is generally a process
of increasing the central mass concentration. A simple argument
based on conservation of the local angular momentum then leads to
the conclusion of a greater rotation rate in the central regions than
in the envelope as a result of evolution. Following this scenario, we
have modelled the evolution of angular frequency, Ω(Mr , t), for a
hypothetical star similar to our best model for KIC 11145123. We
started with a uniformly rotating, fully convective protostar in its
Hayashi phase and evolved it to the TAMS. In this model angular momentum is conserved in radiative layers, and in convective
zones; initial uniform rotation was assumed and the total angular
momentum was conserved. As the main sequence evolution proceeds, a steep variation in Ω appears around the core. From the
rotation kernels seen in Fig. 4 we conclude that we would have
found differential rotation from core to surface in KIC11145123
of a factor of 5, had the star been born with uniform rotation and
had angular momentum been conserved. Clearly, a strong mechanism for angular momentum transport must be acting to result in
the nearly rigid rotation that we observe.
That the envelope of KIC 11145123 rotates more rapidly than
the core puts a constraint on physical mechanisms of angular momentum transport. We may classify the transport mechanisms into
two categories. In the first, the mechanisms operate only to reduce
the gradient of the rotation rate. Viscosity (of any kind) is a representative example. On the other hand, the mechanisms in the second category can even reverse the sign of the gradient. Examples
are the angular momentum transport by waves and mass accretion
(including capture of planets and/or comets). Given the spin-up tendency of the core as a result of evolution, the mechanisms in the first
category are clearly not sufficient to explain the more rapidly rotating envelope. We thus conclude that those in the second category
must exist.
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APPENDIX A: THE LEDOUX CONSTANT OF
HIGH-ORDER DIPOLAR G MODES
A1

The Ledoux constant of dipolar modes

Takata (2006) showed that adiabatic dipolar oscillations of stars
can be described by a second-order system of ordinary differential
equations, whose dependent variables are defined by
„
«
1
dΦ′
ζr = Jξr +
Φ′ − r
(A1)
3g
dr
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and
ζh = Jξh +

»
–
1
dΦ′
′
−
r
(1
−
3J)
Φ
.
3ω 2 r
dr

(A2)

Here, the meanings of the symbols are as follows: ξr and ξh are
the radial part of the radial and horizontal components of the displacement vector, respectively; Φ′ is the Eulerian perturbation to
the gravitational potential; g is the gravitational acceleration; ω is
the angular frequency of oscillation; r is the radius; J is defined by
J = 1−

4πr 3 ρ
,
3Mr

(A3)

in which ρ and Mr are the density and the concentric mass, respectively. The system, which ζr and ζh satisfy, is provided by
!„
«
«
„
Vg
λV
d
ζr
ζr
+J −3
2J − J g
J
r
=
,(A4)
∗
∗
A
ζh
ζh
dr
J−A
+ 2J − 3
Jλ
J
where λ, Vg and A∗ are defined by
ω2r
,
g
gr
Vg = 2
c
and
d ln ρ
1 d ln p
A∗ =
−
,
Γ1 d ln r
d ln r
λ=

(A5)
(A6)

(A7)

respectively. Here, Γ1 is the first adiabatic index, while p is the
pressure. The dependent variables ζr and ζh are related to ξr and
ξh , respectively, as
ξr = ζr + η

(A8)

and
ξh = ζh + η,

(A9)

in which η is defined by
Z R
4πr 2 ρ
η=−
(ζr + 2ζh ) dr
3Mr
r

(A10)

with R being the total radius of the star. From a physical point of
view, η is the displacement of the centre of mass of the concentric
mass within radius r. Since η = 0 at r = R, which is apparent
from equation (A10), we obtain
Z R
´
d `
(A11)
Mr η 2 dr = 0,
dr
0

from which we find
Z R
η [3η + 2 (ζr + 2ζh )] r 2 ρdr = 0.

(A12)

0

Here, we have used the mass conservation equation, dMr /dr =
4πr 2 ρ. Substituting
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ξh (2ξr + ξh ) = ζh (2ζr + ζh ) + η [3η + 2 (ζr + 2ζh )]

(A13)

and
ξr2 + 2ξh2 = ζr2 + 2ζh2 + η [3η + 2 (ζr + 2ζh )] ,
into equation (4), we get, with the help of equation (A12),
RR
ζh (2ζr + ζh ) r 2 ρdr
.
Cn, 1 = 0R R
(ζr2 + 2ζh2 ) r 2 ρdr
0

(A14)

(A15)

We thus find that Cn,1 can be estimated by replacing ξr and ξh in
equation (4) with ζr and ζh , respectively.
A2

An asymptotic estimate of the Ledoux constant at the
low-frequency limit

Because the system given by equation (A4) has the same form as
the one that is obtained by neglecting Φ′ (the Cowling approximation; Cowling 1941), the asymptotic analysis of equation (A4)
is totally in parallel with that in the Cowling approximation (e.g.
Unno et al. 1989). We therefore omit the details here. The asymptotic solutions of equation (A4) in the limit of ω → 0 are formally
given by
ζr = A cos Ψ

(A16)

and
B
sin Ψ.
(A17)
2
Here, Ψ is a rapidly changing function of r, defined in terms of the
Brunt-Väisälä frequency, N , by
√ Z r
2
N
dr,
(A18)
Ψ=
ω
r
ζh =

whereas A and B are functions of r that change slowly. Note that
we are not interested in the solutions near the turning points and in
the evanescent regions, because they hardly contribute to the integrals in equation (A15). Because of the relation,
(ζr − 2ζh )2 =

´
1` 2
A + B 2 {1 + cos [2 (Ψ + ψ0 )]} ,
2

(A19)

where ψ0 is a slowly changing function determined by A and B,
we obtain
Z R
Z
` 2
´
1
(ζr − 2ζh )2 r 2 ρdr ≈
A + B 2 r 2 ρdr,
(A20)
2 P
0

in which we have neglected the integral of a function that changes
rapidly around 0, in addition to the contribution near the turning
points and in the evanescent regions. The range of the integral on
the right-hand side of equation (A20), which is denoted by P , is the
propagative region. Similarly, we obtain
Z
Z R
1
(2ζh )2 r 2 ρdr ≈
B 2 r 2 ρdr
(A21)
2 P
0
and
Z R
0

` 2
´
1
ζr + 2ζh2 r 2 ρdr ≈
2

Z „
P

A2 +

B2
2

«

r 2 ρdr.

(A22)

If we note

ζr2 + 2ζh2 − 2ζh (2ζr + ζh ) = (ζr − 2ζh )2 − (2ζh )2 ,

(A23)

and utilise equations (A20)–(A22), we eventually find from equation (A15)
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Cn,1 ≈

R

A2 r 2 ρdr
1
1
”
< .
−R “ P
B2
2
2
2
2
A + 2 r ρdr
P

Moreover, since we can show A/B ∝ ω, it is found
R
A2 r 2 ρdr
RP
→ 0 as ω → 0,
B 2 r 2 ρdr
P
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(A25)

which implies
Cn,1 →

1
as ω → 0.
2

(A26)

